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CALCULUS BC
SECTION II
Time—1 hour and 30 minutes
Number of problems — 6
Percent of total grade — 50

REMEMBER TO SHOW YOUR SETUPS AS DESCRIBED IN THE GENERAL INSTRUCTIONS.

1. A particle moves in the xy-plane so that its position at any time £, 0 < 7 < , is given by
2

x(t) = 12- —In(1 + ¢) and y(¢) = 3sin 1.

(a) Sketch the path of the particle in the xy-plane below. Indicate the direction of motion along the path.

y
}

Continue problem 1 on page 5.
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(b) Atwhattime s, 0 < ¢ < x, does x(f) attain its minimum value? What is the position (x(¢), y(¢)) of the
particle at this time?
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(c) Atwhattime s, 0 <t < , is the particle on the y-axis? Find the speed and the acceleration vector of the
particle at this time.
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CALCULUS BC D

SECTION 11
Time—1 hour and 30 minutes

Number of problems — 6

Percent of total grade — 50

REMEMBER TO SHOW YOUR SETUPS AS DESCRIBED IN THE GENERAL INSTRUCTIONS.

I. A particle moves in the xy-plane so that its positionatany time ¢, 0 < ¢ < x, is given by
2

(1) = 12- —In(1 + ¢) and y(r) = 3sin 1.

(a) Sketch the path of the particle in the xy-plane below. Indicate the direction of motion along the path.

y

Continue problem 1 on page 5.
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m value? What is the position (x(¢), (1)) of the

(b) Atwhattimes, 0 <¢ < r, does x(t) attain its minimu
particle at this time?
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(c) Atwhattimes, 0 < ¢ < 1. is the particle on the

y-axis? Find the speed and the acceleration vector of the
particle at this time.
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CALCULUS BC F
SECTION II
Time-—1 hour and 30 minutes
Number of problems — 6
Percent of total grade — 50

REMEMBER TO SHOW YOUR SETUPS AS DESCRIBED IN THE GENERAL INSTRUCTIONS.

I. A particle moves in the xy-plane so that its position at any time 1, 0 < ¢ < r, is given by
2

x(t) = -‘f = In(l + ¢) and y(r) = 3 sin 1.
(a) Sketch the path of the particle in the xy-plane below. Indicate the direction of motion along the path.

y

Continue problem I on page 5.
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(b) Atwhattime ¢, 0 € ¢ < . does x(1)
particle at this time?

attain its minimum value? What is the position (x(r), (1)) of the

dx, 4 -7 7°

e

(c) Atwhattimet, 0 <7 < x, is the particle on the y
particle at this time.

¢~ L\ a2kl
v =( 0w, 0.:%43)
3= (119 - E9

-axis? Find the speed and the acceleration vector of the

‘J-&'J!"‘i‘"
-:\: ‘ﬁk

-’

GO ON TO THE NEXT PAGE
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(a) Find the area of R.

S; - x> Ax

‘.

2. The shaded region, R, is bounded by the graph of y = x* and the line y = 4, as shown in the figure above.

(b) Find the volume of the solid generated by revolving R about the x-axis.
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Continue problem 2 on page 7.



(c) There exists a number k, & > 4, such that when R is revolved about the line y = k, the resulting

solid has the same’ volume as the solid in part (b). Write, but do not solve, an equation involving an
integral expression that can be used to find the value of k.

I R R e Y

GO ON TO THE NEXT PAGE




2. The shaded region, R, is bounded by the graph of y = x? and the line y = 4, as shown in the figure above.

(a) Find the area of R. . L3 2
A [C=x)el - 2 Caex ek - 2[5,
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(b) Find the volume of the solid generated by revolving R about the x-axis.
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Continue problem 2 on page 7.
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(c) There exists a number k, & > 4, such that when R is revolved about the line y = £, the resulting

_ solid has the same’ volume as the solid in part (b). Write, but do not solve, an equation involving an
| f\ integral expression that can be used to find the value of .
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2. The shaded region, R, is bounded by the graph of y = x? and the line y = 4, as shown in the figure above.

(a) Find the area of R.

3
A 0 3 . ‘ 2.
X odip ¢ [ =LYy
Sya_qt, [X-dk + [5d»
-2 O
-2

- —
(b) Find the volume of the solid generated by revolving R about the x-axis.
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Continue problem 2 on page 7.
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(¢) There exists a number k, k¥ > 4, such that when R is revolved about the line y = k, the resulting

solid has the same' volume as the solid in part (b). Write, but do not solve, an equation involving an
integral expression that can be used to find the value of k.

GO ON TO THE NEXT PAGE




.\ /] The *ADVANCED
ﬁ College PLACEMENT
Board PROGRAM®

AP Calculus BC
1999 Sample Student Responses

The materials included in these files are intended for non-commercial use by AP
teachers for course and exam preparation; permission for any other use must be
sought from the Advanced Placement Program. Teachers may reproduce them, in
whole or in part, in limited quantities, for face-to-face teaching purposes but may
not mass distribute the materials, electronically or otherwise. These materials and
any copies made of them may not be resold, and the copyright notices must be
retained as they appear here. This permission does not apply to any third-party
copyrights contained herein.

These materials were produced by Educational Testing Service (ETS), which develops and administers the examinations of the Advanced Placement Program for the
College Board. The College Board and Educational Testing Service (ETS) are dedicated to the principle of equal opportunity, and their programs, services, and
employment policies are guided by that principle.

The College Board is a national nonprofit membership association dedicated to preparing, inspiring, and connecting students to college and opportunity.
Founded in 1900, the association is composed of more than 3,900 schools, colleges, universities, and other educational organizations. Each year, the College Board
serves over three million students and their parents, 22,000 high schools, and 3,500 colleges, through major programs and services in college admission, guidance,

assessment, financial aid, enrollment, and teaching and learning. Among its best-known programs are the SAT®, the PSAT/NMSQT™, the Advanced Placement
Program® (AP®), and Pacesetter®. The College Board is committed to the principles of equity and excellence, and that commitment is embodied in all of its
programs, services, activities, and concerns.

Copyright © 2001 by College Entrance Examination Board. All rights reserved. College Board, Advanced Placement Program, AP, and the acorn logo are registered
trademarks of the College Entrance Examination Board.



t R(1)
(hours) (gallons per hour)

0 9.6

3 104

s O 10.8
9 11.2

— 12 114
15 11.3

— 18 10.7
21 10.2
— 24 9.6

3. The rate at which water flows out of a pipe, in gallons per hour, is given by a differentiable function R
of time . The table above shows the rate as measured every 3 hours for a 24-hour period.

24
(a) Use a midpoint Riemann sum with 4 subdivisions of equal length to approximate Jo R(t)dt. Using correct

units, explain the meaning of your answer in terms of water flow.
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(b) Is there some time 7, 0 < ¢ < 24, such that R’(r) = 0 7 Justify your answer.
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Continue problem 3 on page 9.




(c) The rate of water flow R(7) can be approximated by Q{1) = -7-% (768 + 23t - ¢? )

Use (Xt) to approximate the average rate of water flow during the 24-hour time period.

Indicate units of measure. 14
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GO ON TO THE NEXT PAGE



- D
t R(t)
(hours) (gallons per hour)
0 9.6
3 10.4
6 10.8
9 11.2
12 114
15 11.3
18 10.7
21 10.2
24 9.6

3. The rate at which water flows out of a pipe, in gallons per hour, is given by a differentiable function R
of time 7. The table above shows the rate as measured every 3 hours for a 24-hour period.

24
d}b {a) Use a midpoint Riemann sum with 4 subdivisions of equal length to approximate -[o R(1)dt. Using correct

units, explain the meaning of your answer in terms of water flow.
b'h
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(b) Is there some time ¢, 0 < ¢ < 24, such that R(+) = 0 ? Justufy your answer.
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Continue problem 3 on page 9.



(¢) The rate of water flow R(¢) can be approxnmated by Q1) = (768 + 23t -t )
Use (X) to approximate the average rate of water flow dunng the 24-hour time period.

Indicate units of measure.
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GO ON TO THE NEXT PAGE




™1

R(1)
(gallons per hour)

9.6 ,
10.4~
10.8. *
112 *
11.4-
1.3’
10.7 ;
10.2
96 "

3. The rate at which water flows out of a pipe, in gallons per hour, is given by a differentiable function R
of time 7. The table above shows the rate as measured every 3 hours for a 24-hour period.

24
(a) Use a midpoint Riemann sum with 4 subdivisions of equal length to approximate Jo R(t)dt. Using correct

units, explain the meaning of your answer in terms of water flow.
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(b) Is there some time 7, 0 < ¢ < 24, such that R’(¢) = 0 ? Justify your answer.
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(c) The rate of water flow R(¢) can be approximated by O(¢) = -7% (768 + 231 - tz).
Use O(r) to approximate the average rate of water flow during the 24-hour time penod.

Indicate units of measure.
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4. The function f has derivatives of all orders for all real numbers x. Assume f(2) = -3, f2=5, "(2) =3,
and f™(2) = -8

(a) Write the third-degree Taylor polynomial for f about x = 2 and use it to approximate f(L5).

T Ws=3 + 50x-2) & F (=20 4 =% (x-2

£00.8)= =3 §OL8-2) « £ (1820 --} (1.5=2)3
= —-4,48¢

(b) The fourth derivative of f satisfies the inequality l ' “’(x)l < 3 for all x in the closed interval [1.5, 2} Use
the Lagrange error bound on the approximation to f(1.5) found in part (a) to explain why f(L5) # =5.

()
R, L= N (18- = ome 2, L8 L 222,

3
Thas, R, & T (hg-2)" = , 003128

Theg, —HASF-.003g128 L FO.8) L T NE 0538 2 ¢
—%abb L £ L -4.9¢0
Thes, €L N -8

Continue problem 4 on page 11.
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(c) Wnite the fourth-degree Taylor polynomial, P(x), for g(x) = f (xz + 2) about x = 0. Use P to explain
why g must have a relative minimum at x = 0.

Plx)= =3+ 5x* + 3¢

’ -
Cimte The coetEicent of x s Q —— = <o N (O)~(;'

b ot g oF X & 1S a'(o)
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GO ON TO THE NEXT PAGE
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4. The function f has derivatives of all orders for all real numbers x. Assume f(2) = =3, f'(2) = 5, f"(2) = 3,

and f"(2) = -8. ¢
(a) Write the third-degree Taylor polynomial for f about x= )2 and use it to apprc'?lmaxc f(LS).
S C2)
)= ) +« f1r-20+ 7 (x-2) 57 U -2Y

= =3 4 S(X- L)1~1\cx->) Srx-2)
f.5)= -4, 458

(b) The fourth derivative of f satisfies the inequality | f “’(x)f < 3 forall x in the closed interval [15, 2] Use
the Lagrange error bound on the approximation to f(1.5) found in part (a) to explain why S(L5) # =5

[eVVorl < Anxy
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Continue problem 4 on page 11.
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(c) Write the fourth-degree Taylor polynomial, P(x), for g(x) = f (xz + 2) about x = 0. Use P to explain
why g must have a relative minimum at x = 0.
2

POy = =3t SOuH2—2)+ ﬁﬁ’““'z)
= -3+ Gy*? +‘_‘2';T‘X+
Prxy= 1ox +6x°
0= 2x(5 ¢ 31%)
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. r ot
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., 4x) has  a relative minimupen a4t X = O

GO ON TO THE NEXT PAGE
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4. The function f has derivatives of all orders for all real numbers x. Assume f(2) = -3, f°(2) = 5, /"(2) = 3,
and f"(2) = -8

(a) Wntc the third-degree Tayior-polynomial-for £ =2 use it to approxi
l@/;—?)*‘ 5(X1 +3(x-2\ ?(xl ‘
h}_ T

3 (15).
%(; 5)-— -3 4+ 5(I. S'-&\ + 3[' 5‘-2\ g[x-a\3

[ﬁ— - 4.95% | Jen oy

(b) The fourth derivative of f satisfies the inequality l f f‘”( x)l < 3 for all x in the closed interval [1.5, 2]. Use
the Lagrange error bound on the approximation to f(1.5) found in part (a) to explain why f(1.5) # -5.

/3/)&\ > /70

%(’5) >/’/ 5)

W .OOafoo‘f C/)
SN (e Mis an CWOF’%

A ot -Oosecy }///.s'i -

e

Continue problem 4 on page 11.
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(¢) Write the fourth-degree Taylor polynomial, P(x), for g(x) = f (xz + 2) about x = 0. Use P toexplain
why g must have a relative minimum at x = 0.

=/ (x+3) A
Z(b: {‘5 4 5052 L 3(f2-2)
| ; =Y
[POx -3+ 5 5 .g.z;_)

Pl(x}: IO x + %_"3

P/{X)f 10 x + éx3

o= ;X(5+3,8)
X= O et/w\ 2 (oats aag amf’ex
I
N

0

fecause Plx) has a relatie min st X=0, so
does 8,(;()

GO ON TO THE NEXT PAGE
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2.

(2, 1)

I 2 NG
4,-1)

5. The graph of the function /. consisting of three line segments, is given above. Let g(x) = J; : f(t)d.

(a) Compute g(4) and g(=2).

6(6{): S“’ “@oﬁé = S?'R'L) A€ * S: {({)d(ﬁ

- 5.0-%

a(-¥) = 8'}}(6)A€ = - S; L= -0 = -

(b) Find the instantaneous rate of change of g, with respectto x, at x = 1.°

6‘(;): £ )
6)‘ W) ={)< 1

Continue problem 5 on page 13.
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(c) Find the absolute minimum value of g on the closed interval [-2, 4], Justify your answer.

. ' ;O
&‘)‘xﬂyk M/}!llmum wvll 0w »r AF c,\,tpo/nf or wranm ? (X)

X190

tndpt Sy —2 | -

xyeo 3

>

4)
Since 5(-;) V4 3(/3) ad  4(-3) LJ(
+he hL)Solﬁ-k NI rawn 0C taré a\‘}l’ ..)

and /s 3('}) = "‘(p,

(d) The second derivative of g is not defined at x = 1 and x = 2. How many of these values are x-coordinates
of points of inflection of the graph of g ? Justify your answer.

=1 1¢ An inFlichon po('n} A can 54 3"()() 70 br Yoy,
i 3“(1) €0 hr x>l X2 15 ret aa "nf'(u/n',-
{o;n" bfoa~;_( ‘3 ‘e (X) LD A; - X A~ > An/( X > 3

GO ON TO THE NEXT PAGE
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SA

(2, 1)

123\%'

(4’ _l)

-“ .

5. The graph of the function f, consistir;g of three line segmemsf 1s given above. Let g(x) = JT f(r)dr.

———

(a) Compute-2(4) and g(—2).

q(x)= g"g(‘f>a+___

9“">"SL§L+)A+"= )+ 3—,_ L

<« S
SL»«) 2

, |
3= (Fear = - goar
, .

q(-2)=-0

o~

. .
-

(b) Find the instantancous rate of change of g, with respectto x, at x = 1.

g% '-'-If:f‘ "4(3) d+

a3

&= fwl,

a
3'+6

(N = 4

J

—

Continue problem 5 on page 13.
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(¢) Find the absolute minimum value of g on the closed interval [-2, 4]. Justify your answer.
‘ —
9' = f#)=0 o : ] - :
re3 FTEToST 3, g Anenssding

,{)O"S—‘NJ»% 4‘3.3W‘”‘a

423 A A et

D abiebats mne et Lt b oyt initpeinte

X =4 ! < (M |
OR = -3 Sz HESES; S. £(4) at _
[ X=-2 in abreluts mommun  Dteosss  he

Onio. Ddiveen $(4)ond e X opps e T oilywdd F2,1)

-l Air ¢ Lae “Thon Al Gro-
L WK&)M& K 2 mﬂhwt‘-‘a'_r

(d) The second derivative of g isnot definedat x = 1 and x = 2. How many of these values are x-coordinates
of points of inflection of the graph of g ? Justify your answer.

Xzl J.co.wdb WW%W
oy $() [k sqpels 8] duanger frow posibive

Wu\'xct. Ok x=2, dhe 2lepe of) £+ soys
W &o\ 1< X422 and ALxed,

GO ON TO THE NEXT PAGE
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l

1

-2 -1 O].=t=
_ldm»—"' b b

(4,-1)

~¢
5. The graph of the function 1 consisting of 1 (hree line segments, is given above, Let glx) = j f(0)ar.

(a) Compute g(4) and g(-2). Ekz /2_ (“i* 0(' &
) , A = (-2) = 5
[ .
A = ' n ?)(q)s % 265+2.5 %]
) | (4= .75
A B
2
s o q(-z)-'f‘ F(£) dt
o ! . 3 4 \ .
2 A f2(00)N Ao =12 (2:2.5)
N A (] & T/zifIESl
A LN - 3.24 A a =8
(b) Find the instantaneous rate of change of g, with respectto x, at x = 1.
g'(x) = (%)
g'(N - £()
HORE

p—
L e —

? TInstantaneous o _te of C"‘O—'\C(C =4

—— e —— =

s ———

Continue problem 5 on page 13.
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(¢) Find the absolute minimum value of & on the closed interval [~2, 4]. Justify your answer.
g'(x) = f(t)
fe) | - —
-2 3 \q
f(-2) = ©
£ () = -

v There |S aun AP0l +€e v 1L FD( 9(7{) old =

(d) The second derivative of g is not defined at x = I and x = 2. How many of these values are x-coordinates
of points of inflection of the graph of & 7 Justify vour answer.

Q') = £ %)

. . L e 1 . e e e
P B -
—_—

X =1 s a 1 of inn{icchon for af ")f

GO ON TO THE NEXT PAGE
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6. Let f be the function whose graph goes through the point (3, 6) and whose derivative is given by
fx) = I+ e .

x

(a) Write an equation of the line mn%nt to the graph of f at x = 3 and use it to approximate £(3.1).

gmwz@ﬂbz; —éi
J-u-(55)09) |
Y- (2 (1) (21-2)
£. 0 Y (o*(”e})( )
]{@ﬂ\“ &TNM/I

(b) Use Euler’s method, starting at x = 3 with a step size of 0.05, to approximate f(3.1). Use /" to explain

why this approximation is less than f(3.1). X;(ex) (H’Q/ )w

Ly |\ sope | &Y 100) =
A -
510 L"% ,'m ;n(})g; >

o11{ 71577 |
6.0 ance £ s pstive when X 73
The graphof £ 1C o mve wp, Hhus

The Tangtd tines are pelow e
EC@ s &,%w} amvfm\ V%\ A {i und@W alues ound

Q\,\S\Y\g He ngent \ines ave |over
Than e ochial valugs

L —

Continue problem 6 on page 15.




(¢) Use I:'l J(x)dx to evaluate £(3.1).

T,
=£2N-£0) ()0

ga.\ | +o*
3 X2

=, 25%
=5 (2.0) - 0

—

[feD-62 |

-

END OF EXAMINATION

* MAKE SURE YOU HAVE COMPLETED THE IDENTIFICATION
INFORMATION AS REQUESTED ON THE BACK COVER OF THIS
BOOKLET.

* CHECK TO SEE THAT YOUR AP NUMBER APPEARS IN THE BOX
ON THE BACK COVER.

* MAKE SURE THAT YOU HAVE USED THE SAME SET OF AP NUMBER
LABELS ON ALL AP EXAMINATIONS YOU HAVE TAKEN THIS YEAR.
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6. Let f be the function whose graph goes through the point (3, 6) and whose derivative is given by
fx) = 1+ e .

I

(a) Write an equation of the line tangent to the graph of f at x = 3 and use it to approximate £(3.1).

9 2 ~ 2343

Langndl die > -6 2,393 (x-3)

\-—/\/—\’/
2ub sa
x:3, 1
Y-6=2.343(31-3)

g':)%./)'z 6.23%,

(b) Use Euler’s method, starting at x = 3 with a step size of 0.05, to approximate f(3.1). Use f” to explain
why this approximation is less than £ (3. 1)

(3 6) A&Im - 2,343

(ﬂ 05 6+oo5(.73¢3))

705

o7 * 2377

(3.1, él/77‘005(9377))
= (3.0, 6.236) — F(3.D>64,234,

L) - /qu“,,?«(/fp“) N W on coleulain i
%W?/f/x) 3<x<3 mew?/

fus contawe wp ( M %
T uUZ"ZL&’/ (&g w\,% aéay Contmue problem 6 on page 15.
e ot liin M 77 ) ,‘é{f tual




(¢) Use j;'lf "(x)dx to evaluate £(3.1).

?S‘g"l-fe"M

zx?

wwebuale in colewlaloy ..

= 0.9378
{ 3.
f03.1) ;j,gjf{/x)aby

R4

-~ L
- 0.1 (01957X>
= 2.378

END OF EXAMINATION

\
* MAKE SURE YOU HAVE COMPLETED THE IDENTIFICATION
INFORMATION AS REQUESTED ON THE BACK COVER OF THIS

BOOKLET.

* CHECK TO SEE THAT YOUR AP NUMBER APPEARS IN THE BOX
ON THE BACK COVER.

* MAKE SURE THAT YOU HAVE USED THE SAME SET OF AP NUMBER
LABELS ON ALL AP EXAMINATIONS YOU HAVE TAKEN THIS YEAR.
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6. Let f be the function whose graph goes through the point (3, 6) and whose derivative is given by

f(x) = l :; .

(a) Write an equation of the line tangent to the graph of f at x = 3 and use it to approximate £(3.1).

'(x)= Lte” e
‘FCXJ _xez‘_ _{2!(3)_ %ﬁ _:/V)Z N

—

3
(ﬁ" @ = ’%ﬁ"()( *3)) = Yangert Iine

rgt (.34 at x=3.] b:! aFPrOWWCHW

(b) Use Euler’s method, starting at x = 3 with a step size of 0.05, to approximate f(3.1). Use /" to explain
why this approximation is less than £(3.1).

XZ2 Y= G X
X, =3.05 Y= 6+ o.05[1Te
Y,= T8 TIg
3,05
5(1:3.]

o= Gaumig 1R + o.oB(H'C

B CB.QS)‘
\ PEN& Y= 6'9”@

This Q??"O;(rmaﬁm e Qoss Yhaw 4\(3.\)
Bolange WL QAL UM QpPrONmating )

Continue problem 6 on page 15.



(c) Use j': ' F(x)dx to evaluate £(31).

Ws‘l X
§ & dy
3 X

S}‘ — (1+¢) ¥
3 X"

! '

.-

END OF EXAMINATION

» MAKE SURE YOU HAVE COMPLETED THE IDENTIFICATION
INFORMATION AS REQUESTED ON THE BACK COVER OF THIS
BOOKLET.

» CHECK TO SEE THAT YOUR AP NUMBER APPEARS IN THE BOX
ON THE BACK COVER.

» MAKE SURE THAT YOU HAVE USED THE SAME SET OF AP NUMBER
LABELS ON ALL AP EXAMINATIONS YOU HAVE TAKEN THIS YEAR.




